
1. Introduction
Understanding fracture mechanism in rock-like

materials such as concrete and rocks due to application of
rapid loads is of engineering importance in such as
blasting and other high-speed fragmentation techniques.
In these techniques, control of crack propagation direction
and the resultant fracture pattern is often required for
design optimization. For this purpose, the Dynamic
Fracture Process Analysis (DFPA) for 2 dimensional (2-D)
problem has been proposed and applied to the simulation
of blasting. However, to understand fracture pattern and
detailed knowledge of 3 dimensional (3-D) fracture process
for each technique is required.
In case of utilizing detonation or deflagration of

explosives for fragmentation of rock-like materials,
cylindrical charge is frequently applied１） and

corresponding geometrical representation of the problem
can be considered as axisymmetric. Thus 3-D
elastodynamic problem can be treated as 2 dimensional
problem under the axisymmetry１）.
In this study, we developed a new numerical simulation

method to conduct DFPA based on finite element method
(FEM) under elastodynamic axisymmetric condition in
which crack initiation, propagation and coalescence in
rock-like materials are considered２），３）. This paper
describes the methodology and investigates the
applicability of the proposed method.

2. Numerical simulation method (DFPA)
2.1 FEM for axisymmetric problem
In this paper, we considered a cylindrical charge shown

in Figure 1 (a). The figure is shown by cylindrical
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coordinate �������where � coincides with the axial
direction of the charge hole, and � and � are polar
coordinates at the cross section perpendicular to the �
axis. If the domain of interest has axisymmetric property
with respect to � axis, �� in the displacement field
����������becomes zero. Thus, only ��and ��need to be
considered. By discretizing the domain of interest by FEM
based on triangular ring elements, it can be reduced to the
FEMmesh shown in Figure 1(b).
Coordinates �����, displacements �������, velocities

��������� and accelerations ��������� are interpolated
through isoparametric mapping to parent coordinate�����
where the nodal variables are expressed as the
multiplication of shape functions�������４）for node�from
1 to 3, by nodal coordinates �������, nodal displacements
���������, nodal velocities�����������and nodal accelerations
�����������, respectively. As stress and strain measures,
infinitesimal strain ��� ���������������� ����������and
Cauchy stress ��� ��������������� ����������are used.
The relationship between ��� �and���������is given by :
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where ���and 2 indicate�and �directions, respectively.
For the constitutive relation between stress and strain
before crack initiation, the isotropic linear elastic behavior
is assumed, which gives :
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where, by denoting Young’s modulus and Poisson’s ratio
by � and �, respectively, 
�� is given by 
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���	.
The spatially discretized form of equation of motion is

given as :
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where ��
��, ������ and ������ are indicial notation of mass
matrix, internal and external nodal forces, respectively,
each of which is given by following equations :
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where���and�in Eq. (4) and �� in Eq. (6) are Kronecker’s
delta, density and prescribed traction, respectively, and
the integrals in Eqs. (4) and (5) is the surface integral and
the one in Eq. (6) is line integral. The Eqs. (4) and (6) are
computed by explicit integration and Eq. (5) by standard
3-point Gaussian quadrature５）, respectively. Thus, with the
application of new-mark β method６）for time discretization,
nodal acceleration, velocity and displacement as well as
stresses and strains are updated.

2.2 Modeling of tensile fracture
In the axisymmetric problem, there are 3 principal

directions, i.e. one component is in�-�plane and other two
components are in �-� plane. Thus, the number of
corresponding principal stresses is 3, and therefore
fractures in 3 directions have to be considered. The
treatment of fracturing in �-�plane and �-� plane is
individually described as follows.

(a) Axisymmetry with respect to�-axis (b) Finite element discretization
Figure１ Treatment of axisymmetric problem in FEM.
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2.2.1 Tensile fracture in�-�plane
For the tensile fracture in �-�plane, we used inter

element cracking method２） applied by Kaneko et al. as
shown in Figure 2 where the crack initiation, propagation
and coalescence were expressed by element separations
when the induced stress normally acting on element-
boundary exceeded given tensile strength of the
boundary. Once the crack was initiated, non-linear crack
opening behavior due to the existence of fracture process
zone (FPZ) near the crack tip was considered, and the bi-
linear model of cohesive law characterized by cohesive
traction and crack opening displacement (COD) shown in
Figure 3 was used.

2.2.2 Tensile fracture in�-�plane
Tensile fracture in�-�plane was also taken into account

in the axisymmetric problem. However, because �� is 0 in
this class of problem, the cohesive law in Figure 3 cannot
apply directly. Alternatively, we used stress-strain relation
in each element to express the decohesion of crack
surfaces in �-� plane as shown in Figure 4. In this
approach, stress����-strain����relation was expressed by
linear elastic behavior when the induced stress level was
below the given tensile strength, then, after the stress
exceeded the given tensile strength, the stress-strain
relation corresponding to the decohesion process

characterized by bi-linear model of cohesive law was used
instead of COD. To reasonably evaluate strains, �� and ��,
in the decohesion process, we refer to a fracture pattern
obtained by the 2 dimensional Dynamic Fracture Process
Analysis in the cross section of Figure 1 (a) (�-�plane) as
shown in Figure 5. The 2 dimensional DFPA was
conducted under plane strain condition. We can observe
the predominant cracks.３） Based on this, we equally
divided the domain to subdomains each of which included
one predominant crack, and we approximately
determined crack opening strain (COS) by the ratio of
COD to arch length �of subdomains shown in Figure 5.
For the computation of �, � at the centroid of each
element was used.

��
���
�

(7)

where�is number of the dominant cracks. Following this
concept, we computed ��and ��by ������and ������,
respectively.

2.2.3 Modeling of heterogeneous material
As an extension of previous works２）, microscopic tensile

strength distribution in the material was expressed by
Weibull’s distribution characterized by coefficient of
uniformity, �. However, the concept of heterogeneity in
the axisymmetric problem showed a contradiction in that

Figure４ Tensile softening curve in�-�plane.Figure２ Remeshing procedures for the tensile fracture.

Figure３ Tensile softening curves for the FPZ. Figure５ An interpretation of crack propagation in�-�plane.
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the axisymmetry with respect to �axis required the
strength distribution to be axisymmetric in the�-�planes
for each �. We show in the next section (see 3.2.3) that
resultant fracture pattern under����, i.e. heterogeneous
condition, become relatively homogeneous.

3. DFPA under axisymmetric condition
3.1 Model description
In Figure 6 (a), a cylindrical concrete having a

cylindrical charge hole is shown with the size of model.
The consideration of axisymmetry with respect to the
axial direction of charge hole leads to the FEM mesh
shown in Figure 6 (b). Each element size was set to be
small enough to avoid the mesh dependency of crack path.
The analysis model has one free face only upper part. The
total element number and initial total nodal number were
69364 and 35000, respectively. The physical properties of
concrete used in the analysis are shown in Table 1. To
model the borehole pressure the following pressure
function was applied to the surface of the charge hole as
shown in Figure 6 (b) :

������� ����������� � (8)

where����is the pressure at time�, ��donates the peak
pressure value, and � is constant. Figure 7 shows the
applied pressure wave form with the rise time being 10 µs
when����	.

3.2 Fracture process in rock-like material with a
cylindrical charge hole

3.2.1 DFPA result
In Figure 8, the result of fracture process under����

and ��
from time ���to 250 µs is shown where solid
black lines are tensile fractures initiated and extended in
�-� plane (�-� fractures), and red colored regions
correspond to the tensile fractures due to �-�plane (�-�
fractures). Around �����µs, the �-�and �-� fractures
initiated from the side wall of the charge hole were
observed. The �-� fractures extending obliquely

Table１ Physical properties of concrete.

Properties Value

Density [kg ·m－３]. 2200
P-wave velocity [m · s－１]. 4000
S-wave velocity [m · s－１]. 2450
Young’s modulus [GPa]. 31.7
Poisson’s ratio 0.2

Mean tensile strength [MPa]. 6
Fracture energy [Pa m]. 96

Figure７ Pressure-time curve for applied pressure waveform.

(a) Cylindrical specimen (b) Finite element layout
Figure６ Description of numerical model.
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downward from the bottom of the charge hole were also
found. While the minor extensions of the �-�fractures
from the side wall of charge hole was found, the major
extension of the oblique �-�fractures and �-� fractures
were found where the �-�fractures only occurred above
the oblique �-�fractures and the most significant �-�
fractures were found on the upper surface of the model.

3.2.2 Influence of the bottom shape of charge hole
Because the existence of corner around the bottom of

the charge hole could induce stress concentration, we
investigated the effect of bottom shape of the charge hole
on the resultant fracture pattern. For this purpose, we
considered four models similar to the one in Figure 6 (b)
where only bottom shapes of charge hole were changed in
terms of curvature radii, 10mm, 5mm, 2.5mm and 0,
respectively, in each model. In Figure 9, the resultant
fracture patterns for the four models are shown
corresponding to �����µs. These results show that
almost same fracture patterns were obtained and thus the
oblique �-�fracture from the bottom of charge hole was
initiated irrespective of considered curvature radii.

3.2.3 Influence of heterogeneity
In Figure 10, the resultant fracture patterns for the

cases of����, 10 and 5 under the same model geometry
are shown corresponding to�����µs. These results show
that quite similar fracture patterns were obtained and
thus the influence of heterogeneity has minor role on the
fracture pattern in the�-�planes.

4. Discussion
Based on the results obtained in Subsection 3.2, the

general resultant fracture pattern could become the one
shown in Figure 11 (a) consisting of predominant �-�
fractures from the wall and oblique�-�fractures from the
bottom of charge hole. Considering that the assumption of
decohesion in �-� fractures was made based on the
propagation of predominant cracks from the charge hole,
we can expect the 3-D fracture pattern to be the one
shown in Figure 11 (b) where the �-�fractures become 5
predominant radial cracks shown in red color and the �-�
fractures become the conical crack shown in black color.
The result obtained here shows good agreement with
usually observed in rock splitting. Thus proposed method
can be useful for the simulation of fracture process having

Figure８ Result of fracture process (����,���).

Figure９ Influence of curvature radius of charge hole on resultant fracture pattern (����,���).
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geometrical axisymmetry.
We additionally compared the fracture processes

obtained from plane strain and axisymmetric conditions
assuming the same applied load in Eq. (8) and physical
properties in Table 1. The result is shown in Figure 12
where one of predominant cracks under plane condition
shown in black color is compared to crack propagation
obtained from the axisymmetric analysis with the red
being fractured and unfractured regions, respectively.
The comparison of both analyses shows good agreement
in the �-� fracture propagation velocity. Therefore, this
result shows the validity of the proposed method and the
axisymmetric analysis could give the insight for the range
in which plane strain condition is applicable.

5. Conclusion
We developed a numerical simulation method to

simulate the dynamic fracture process in rock-like

materials for axisymmetric problems based on finite
element method (FEM). This paper described the applied
methodology and investigated the validity of the method.
In the proposed method, the conical crack pattern

formed from the bottom of charge hole as well as
predominant cracks radially extending from the charge
hole were successfully simulated. Additionally, the
proposed method gave similar fracture patterns compared
to those obtained by using previous approach based on the
plane strain condition, which shows the validity of the
proposed method. In the future work, experiment result of
concrete pile top problems can be investigated by the
proposed method７）.
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