
1. Introduction
Understanding of the initiation phenomena on high-

energetic materials caused by external shock loading is
important from the viewpoint of the safety engineering.
The concept of the initiation is different between homoge-
neous and heterogeneous high-energetic materials１）-３）. The
subject of this study is the initiation of the heterogeneous
materials, such as a conventional solid explosive. When the
shock wave enters the heterogeneous energetic materials,
the local high-temperature and high-pressure regions that
are created by shock interaction at the density discontinu-
ity generate and trigger the subsequent reaction growth
to attain the self-sustained rapid reaction４）-６）. Because the
partially reacted state for energetic materials is often
treated as a simple mixture phase between the inert reac-
tant and detonation product７）-８）, the numerical simulation
of the shock initiation requires a reaction rate model and
equations of state (EOSs) for both phases. Even if the ener-
getic materials are composed of identical constituents, the
parameters have to be constructed for each initial density.

Moreover, the parameters of the EOSs for both phases are
dependent on the initial density.
We propose the numerical modeling of the shock initia-

tion by unified EOSs for both phases. The parameters of
EOS for both phases are independent of the initial density.
The proposed EOS for detonation products９）-11) has been
used for this study. For the inert reactant, the Grüneisen
EOS with porous Hugoniot model12),13) has been employed.
The purpose of this study is to investigate the effect of the
initial density of energetic material for the initiation phe-
nomena, and to construct a unified initiation model. Be-
cause various published data including the initiation prop-
erties of PETN are available14)-19), PETN is selected as the
subject of this numerical study.

2. Unified equations of state for detonation
products and reactant phases
The EOS of detonation products９） for PETN is the

Grüneisen form with JWL20)-22) isentrope as a reference
line, and is expressed as
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����is the Grüneisen coefficient as a function of spe-
cific volume�. �and �are the pressure and internal spe-
cific energy, respectively. The index TMD corresponds to
the theoretical maximum density, the subscript�is the is-
entrope line that passes through the C-J point of the TMD
case of PETN, and are expressed as
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	 is the ratio of the specific volume of the detonation prod-
ucts to that of the initial energetic material, and the pa-
rameters �,
,�,��,��, and�are constants.
For the unreacted reactant phase of PETN, the porous

Hugoniot model was used and was combined with
Grüneisen EOS. The shock compression curve for porous
materials can be expressed using Hugoniot for the TMD
case,

�

�
��


���
����

�����

����
�
��

(4)

where the subscript H represents the Hugoniot state, and
the index �indicates the porous material. � is���������,
and 0 corresponds to the initial state.
Specific volume and internal energy are assumed as the

linear combination of two phases,

������������� (5)

������������� (6)

and the pressure equilibrium condition, �������, was
assumed to determine the partially reacted state８）. The
subscript�and �correspond to solid reactant and gaseous
detonation product, respectively.�is the mass fraction of
detonation products estimated from the reaction rate law ;
���corresponds to the unreacted state and ���to the
completely reacted state. By using the above-mentioned
EOS models for the detonation products and the reactant
phases, only the parameter set for the TMD case of PETN
is needed to compute the shock initiation of PETN for arbi-
trary initial density. Because an initial density of 1.77 g·cm-３
is very close to TMD for PETN, we regard this density as
the TMD in this numerical study. The JWL parameter for
PETN was referred from ref. (22) . For the reactant phase,
�����	����
���and�������were used16).

3. Reaction rate model and numerical procedure
For the reaction rate model, the ignition and growth

model23),24) was used, which is expressed as
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where��������. The parameters ��, and �depend on
the explosive properties and are adjusted on the basis of
experimental data24). The subscript 0 indicates the initial
state of a solid explosive. The first term of Eq.7 applies

from���to the ignition term limit (IGL).
The governing equations are the one-dimensional mass,

momentum, and energy conservation laws, which are
solved by the finite difference method８），25). Impact prob-
lems of PETN and PMMA were solved with various initial
densities. The initial mesh size of this simulation was set
50 µm. The strategy of this numerical study is as follows.
First, the parameters for the initiation model of the 1.72g
cm-３ density case will be determined. As for the decided
parameter, whether the result of an arbitrary initial den-
sity can be reproduced is examined. Since the reaction
rate depends on the initial density, i. e., heterogeneities, the
parameters may not be applicable to low-initial-density
cases. However, the relation of the initial density and value
of the parameters may be clarified. The first term in Eq.7
simulates the process of the hot spot formation, subse-
quent aggregation, and small reaction. In this simulation,
we pay attention to growth process. It is reasonable to
consider that the main reaction growth is expressed using
the second term, and it depends on the initial density. The
main parameters in the second term of Eq.7 are� and �.
We select the exponent �as the subject of this numerical
study. Except for �and IGL, all the parameters have been
fixed.

4. Results and discussion
The relationship between the input pressure in PETN

and the run distance to detonation is shown in Fig. 1. This
relationship has been called the pop plot26). The solid sym-
bols and + symbol were obtained using the parameters in
Table. 1. In those cases, because the parameters were ad-
justed basis of the 1.72g·cm-３ PETN, the good agreement
between the published experimental data15) and this nu-
merical result can be confirmed. On the other hand, in the
1.6 and 1.4 g·cm-３ cases, a discrepancy can be observed.
However, the slopes of the pop plot for the three initial
densities were almost the same. The reaction rate in-
creases with the exponent �decreases, therefore, when
the exponent �is decreased, the run distance to detona-
tion as the calculation result is decreased. The exponent �
for 1.6 and 1.4 g·cm-３ was adjusted using trial and error
simulations, so the simulation reproduced the published
data as indicated by symbols ○ and △ in Fig. 1. Although
the run distance to detonation decreases compared with
that in the case of �����, the slopes of the pop plots for
these density cases are almost the same as that in the case
of�����.
The pop plot does not directly include information on

the shock velocity. To check the velocity of the shock front
in PETN, the relation between the time of the run distance
and the run distance to detonation is also compared with
the published data15) and simulation results. The simula-
tion results agree with the published data, as shown in Fig.
2. The above results indicate that this numerical simula-
tion reproduces the published experimental data, such as
the results of the wedge test.
Figure 3 shows the shock locus in PETN. To confirm the

effect of the reaction on the propagation velocity of the
shock front, the simulation result without reaction is also
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indicated by a dotted line. In Fig. 3 (a), the locus estimated
by Hugoniot (��������������)15) is also plotted. Two
shock loci without reaction agree well, and this means that
the porous Hugoniot model is appropriate for the refer-
ence line for the reactant phase equation of state. The in-
flection point of the shock locus indicates the shock-to-
detonation transition (SDT) point, and the numerical re-
sults indicates that the shock front is accelerated by the
reaction wave just before the shock wave reaches the
transition point. The difference between the SDT point
and shock locus without reaction in the case of 1.4 g·cm-３ is

larger than that in the case of 1.6 g·cm-３. This result sug-
gests that the shock front of the low density case is af-
fected than that of the high density case.
The weak point of the porous Hugoniot model is that the

model ignores the increase in pressure caused by the den-
sity change from the initial density to the theoretical maxi-
mum density. This weak point gave the inference of the
calculation of the partially reacted state for the low-initial-
density case. In the case of 1.0 g·cm-３ initial density, the
shock velocity estimated by numerical simulation with the
reaction model was markedly smaller than that without
the initiation model. To avoid this situation, the IGL was
adjusted in the case of 1.0 g·cm-３ initial density. From the
theoretical maximum density to 1.4 g·cm-３ initial density,
the IGL was set 0.01, so the ignition term did not have an
effect on the velocity of the shock front before the SDT
point.
Figure 4 shows the effect of the IGL on the velocity of

the shock front in PETN 1.0 g·cm-３ initial density. The
shock loci were obtained by the numerical simulation with-
out a growth term. In the case of the IGL = 0.22, the veloc-

Table１ The parameters for ignition and growth model for PETN
The parameters were adjusted based on the 1.72 g·
cm－３initial density.

I (µsec－１) G (µsec－１Mbar－１) z IGL

20 8100 2.3 0.01

(a) 1.6 g·cm－３initial density, sustained shock pulse 1.95 GPa.
Fig.１ Pressure vs. run distance to detonation (Pop plot) for

PETN ; The solid and dashed lines are the fitted line
from a paper written by Stirpe, Johnson, and Wack-
erle15), and the dotted line from Cooper’s paper27).

(b) 1.4 g·cm－３initial density, sustained shock pulse 1.44 GPa

Fig.３ The shock locus in PETN ; Us ; shock velocity (km·
s－１), Up ; particle velocity (km·s－１) Us−Up relation from
a paper written by Stirpe, Johnson, and Wackerle15).

Fig.２ The relation between the time of run distance and the
run distance to detonation for PETN with 1.72 and 1.6
g·cm－３initial density ; Experimental data from a paper
written by Stirpe, Johnson, and Wackerle15).
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ity of the shock front agrees with that obtained using the
porous Hugoniot without a reaction. By using this IGL
value, the exponent �was estimated by the simulation.
The results of the 1.0 g·cm-３ initial density are plotted in
Figs. 5 and 6 with square symbols. The simulation results
simultaneously satisfy the pop plot27) and the velocity in-
formation of the shock front14).
Figure 7 shows the pressure histories in PETN at vari-

ous points obtained by numerical simulation of 1.75 g·cm-３
initial density. It is confirmed that these results indicate
the good agreement with published pressure records19)
and its numerical simulation by Lee and Tarver23). In this
case the 5 mm of run distance to detonation was reported,
and our simulation represents the experimental results.
Figure 8 shows the relationship between the initial den-

sity of PETN and the exponent �in Eq.7.To be able to ap-
ply this simple modeling of the shock initiation phenomena
for PETN for arbitrary initial density, this relation be-
tween the �and initial density is approximated using a
function, ������������� �, where �������, ��	��	
�

Fig.４ The effect of the ignition limit (IGL) into the velocity of
the shock front in PETN (The shock loci obtained by
the numerical simulation without growth term).

Fig.５ Pop plot for PETN ; The solid and dashed lines are the
fitted line from a paper written by Stirpe, Johnson, and
Wackerle15), and the two dotted lines from Cooper’s pa-
per27).

Fig.６ The relationship between the time of run distance and
the run distance to detonation for PETN with 1.0 g·cm‐３
initial density ; Experimental data from a paper writ-
ten by Seay and Seely14).

Fig.７ The calculated pressure history in PETN with 1.75 g·
cm‐３initial density.

Fig.８ The relationship between the initial density of PETN
and the exponent z for initiation model ; parameter z
was estimated in this numerical study.
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5. Conclusion
The numerical modeling of the shock initiation of PETN

in this paper may be the first approach in this area as far
as authors know. Although the widely used initiation
model was employed, the feature of this approach was that
the unified EOSs for the reactant and detonation products,
which are independent of the initial density of PETN, were
used for calculating the arbitrary initial density of PETN.
It becomes possible to examine the initiation problem by
our approach under a consistent concept although the con-
cepts of the equations of state exist. In this paper, we focus
on only one parameter of the initiation model. Finally, we
found the relationship between one parameter and the in-
itial density. This relation may be appropriate from 1.0
g·cm-３ initial density to the theoretical maximum density of
PETN. Although an important engineering model was
constructed in this paper, we would like to use this ap-
proach to understand the initiation phenomena in hetero-
geneous high-energetic materials.
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統合状態方程式を用いたPETNの衝撃起爆過程のモデリング

久保田士郎＊†，佐分利禎＊，緒方雄二＊，永山邦仁＊＊

固体ならびに爆轟ガス成分の統合形式状態方程式を用いてPETNの衝撃起爆過程の数値計算を実施した。我々の提案
するモデルリングでは，任意の初期密度のPETNに対して，反応途中の状態は理論密度のパラメータセットだけを用い
て計算できる。爆轟生成ガス成分には，比体積の関数として表せるグリュナイゼン�を用いた状態式を，固体成分には多
孔質体ウゴニオモデルを参照線とするグリュナイゼン状態方程式を用いた。公表された衝撃起爆データを用いて起爆モ
デルのパラメータを求めた。その結果，初期密度と起爆モデルパラメータの関係が求められた。
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