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Abstract
In this study, a simple model for the smoke formation in black powder combustion is developed. Smoke formation is
modeled as nucleation from gas phase molecules. The precursor molecules for this nucleation process for black powder
with 75 wt% of KNO３ are identified as potassium salts such, K２CO３ and K２SO４. This determination is based on the partialequilibrium calculations in which chemical species in the condensed phase are excluded. Standard classical nucleation
theory (CNT) is adopted to estimate the radius and formation rate of the critical nuclei of smoke particles. The main
components of smoke from black powder are K２CO３ or K２SO４ particles, depending on the sulfur content. The predicted
nucleation rates of the particles are very fast. The time variation of the averaged particle radius and volume fraction of
smoke is also evaluated by solving the population valance equation (Smoluchowski equation). The volume fraction of
smoke produced by black powder combustion is predicted to be of the order of 10−４.
This study also investigates how ammonium perchlorate (NH４ClO４, AP) added to the black powder affects smoke
formation, using CNT and the Smoluchowski equation. CNT predicts that the critical radius of K２CO３ and K２SO４ particles
can be considerably increased by the addition of AP to black powder. This intervention could thus reduce smoke-particle
formation. Although CNT predicts that no KCl particles will form because of the high vapor pressure of KCl, the
Smoluchowski equation indicates that KCl particles will be produced with a large amount of added AP. Solutions of the
Smoluchowski equation also indicate that the average particle diameter and volume fraction of smoke decrease if the
amount of added AP is increased.
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1. Introduction
Smoke generated by explosive combustion of black
powder reduces the visibility of aerial fireworks displays
in calm weather. Therefore, fireworks designers strive to
reduce the amount of smoke produced by their explosive
charges. In general, the size of particles in smoke ranges
from several nm to 1 !m. Particulate matter generated by
fireworks displays also has a negative environmental
impact. Many researchers have studied particle pollution
from fireworks displays in recent years１）−５）. The
atmospheric concentration of PM10 (particulate matter
with a diameter less than 10 !m) significantly increases
during and after the aerial fireworks displays associated
with various holidays and celebrations around the world.
Camilleri and Vella６） measured PM10 emission factors for
various pyrotechnic devices, namely, flash crackers, stars,

black powder blast charges, and fuse matches, as they are
produced in Malta. The emission factor was defined as the
total mass of PM10 divided by the mass of the explosive
material in the pyrotechnic device. The PM10 emission
factors were as follows, in kg per kg-composition: blast
charges 0.054; flash crackers 0.43; stars 0.175 (red); 0.176
(blue); 0.254 (green); 0.123 (white); fuse matches 0.204.
According to these results, black powder blast charges
produce much less PM10 than other devices.
However, the particles in the smoke produced by
combustion of black powder seem to have different origin
than that of the PM10 detected in these air pollution
studies. The diameters of smoke particles are usually less
than 1 !m, much smaller than PM10, and the smoke is
very rapidly produced. White smoke is often observed
when black powder combusts with a flame. This white
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smoke is thought to be composed of nanoparticles of
K２CO３ and K２SO415）. To the best of our knowledge, no
research group has studied the chemical and physical
mechanism behind the very fast production of these very
fine smoke particles from black powder combustion.
The present study aims to understand the kinetic
mechanism behind the formation of fine particles in black
powder combustion, to allow control of the size and rate of
particles so that aerial display fireworks remain visible
even in calm weather. To this end, we developed a simple
model to predict the size and production rate of particles
from black powder combustion.
In this study, the smoke formation is modeled as
nucleation of gas-phase molecules. Standard classical
nucleation theory (CNT) is adopted to estimate the radii
and formation rate of critical nuclei of smoke particles.
Time variations of the average particle radius and volume
fraction of smoke are evaluated by solving the populationbalance Smoluchowski equation. Details of the model and
the computational methods used are described in Section
2. The model is used to predict the size and the generation
rate of smoke particles in black powder combustion in
Section 3. Strategies for the reduction of smoke in black
powder combustion are briefly discussed in Section 4.
Conclusions and future work are discussed in Section 5.

.#$

$
%
&#
.
*'
+"')

(2)

The free energy at .$.#is given as:
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The nucleation rate $per unit time can be expressed as
follow:
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The pre-exponential factor A is determined by kinetic
considerations and given as９）:
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# is the surface area of a single molecule in
Here, /
condensed phase and 0is the collision frequency:

2. Theories for smoke particle growth
Two different theoretical methods are employed in this
study to estimate the size of smoke particles and their
nucleation rates. This section briefly outlines the two
theories.

2.1 Classical nucleation theory (CNT)
CNT is a widely used model for understanding the
formation of new thermodynamic phases, such as liquid or
solid phases forming from gaseous material７），８）. Although
CNT is an approximate model, it gives reasonable
predictions of nucleation rates. CNT is based on the
condensation of vapor into liquid. The change in the free
energy of the system during the homogeneous formation
of spherical nuclei with radius .is given by
& %
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of nucleus formation passes through a maximum at .$.#.
.# is the critical radius at which the probability of
nucleation passes through a minimum (critical radius). If
the nucleus radius is larger than .#, nucleation is
spontaneous since the free energy needed to form larger
nuclei is less than the free energy at this radius. The value
of .# can be found by differentiating Equation (1) with
respect to .:

(1)

Here, &# is the volume of a single molecule in liquid or solid
&(- is the vapor-supersaturation ratio, &(- is
phase, '$&!
the equilibrium vapor pressure, +" is the Boltzmann
constant, and % is the specific surface energy of the
interface between droplets and the surrounding vapor. In
conventional CNT, this surface energy is assumed to be
equal to the surface tension of a flat surface of the liquid
(or solid). This feature is known as the capillary
assumption. The first term represents the energy
decrease upon the transition from vapor to liquid and this
term is dominant for nuclei with relatively large .. When .
is relatively small, the second term is dominant. This term
represents the free energy released by the creation of a
new surface. Thus, the two terms in Equation (1)
differently depend on ., and therefore the free energy "#
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, is mass of the molecule and %) is number density of gas%) $&!
+"'&
phase molecule %
. $in Equation (5) is defined
by:
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With Equations (1)―(7), the minimum particle size and the
nucleation rate can be evaluated.

2.2 Smoluchowski equation and the sectional
method
Smoke particles of potassium salts will be produced
from gas-phase products of black powder combustion. We
assume that smoke particles are produced by the particleinception reaction of gas-phase potassium salts. Particles
produced in this fashion will then grow by coagulation and
aggregation. Since coagulation simply redistributes the
particle-size distribution, it does not affect the total mass of
particles in the system. The following basic assumptions
about coagulation are imposed in our model:
(i) Primary particles are all spherical.
(ii) Colliding particles immediately coalesce into new
spherical particles.
(iii) Mass and volume are conserved by the coagulation.
According to these assumptions, the following relations
are valid for smoke particle of class *, defined as the
particle composed of *-monomer chemical species:
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Here, /+, &+, "+, and #+ are mass, volume, diameter and
number density of particle of class +, respectively.
The net rate of generation of class-+smoke particles is
described by the Smoluchowski population-balance
equation10）, which is written as:
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Here, #+!, is the collision frequency between particle of
class +and class ,
.
The functional form of the collision frequency #+!,
depends on the physical model employed for coagulation.
Particle coagulation is classified by the Knudsen number,
'( $$
", where % is the mean free path of the
%
"
surrounding gas and " is the diameter of the particle. For
the regime with free molecules ('( &#), the collision
frequency is expressed as
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Here, '0 is the particle density. In the continuum
coagulation regime ('( %#), the collision frequency is
given as
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$is gas viscosity. Coagulation occurring between the freemolecule and continuum regimes ('( '#) is referred to as
the transition regime. The collision frequency in this
regime can be represented by an interpolating polynomial
implemented in Chemkin-Pro11）.
In this study, the Smoluchowski equation, Equation (11),
was solved by the sectional method as implemented in
ANSYS Chemkin-pro 18.111）. The particle-size domain is
divided into a finite number of sections in this method. The
sectional method in Chemkin is based on the discretized
population balance developed by Litster et al.12） and
Kumar and Ramkrishna13）. This sectional method ensures
correct prediction of the total particle number and volume.
The particle-size distribution is discretized by geometric,
adjustable sections as follows:
&+"#
$$#"1
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(14)

Here, 1is a positive integer, and & is the volume (class),
and subscript +is the section index. The higher value of 1
gives the finer resolution.
Aggregation and coagulation modify the particle-size
distribution. The term aggregation is used for noncoalescing
collisions.
Particle-particle
aggregation
processes can be modeled as a sequence of collision,
sticking, and sintering processes. The parameters for
these processes in the case of smoke particles produced by
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black powder combustion are unknown. Therefore, in this
study, we use a simple model for aggregation with the
following assumptions:
(iv) All primary particles are spherical.
(v) All primary particles in an aggregate are of the same
size.
(vi) Aggregates with primary particles less than the
limiting value, ".+/+2, can be thought of as completely
coalesced spheres. Aggregates with larger primary
particles are pure aggregates in which primary particles
of the limiting size are in point contact with each other.
(vii) The collision diameter of each aggregate of class ,
is given as:
#
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In Equation (15), subscripts 0 and ,indicate primary
particle and the class (i.e., the number of chemical species)
of the aggregate, respectively, and "* is the mass fractal
dimension. Only the parameters ".+/+2 and "* need to be
specified in this simple model. This simple aggregation
model is available in ANSYS Chemkin-pro and was used to
generate the results described below.

3. Smoke generation
combustion

in

black

powder

3.1 Combustion of black powder
Black powder is composed of potassium nitrate (KNO３),
carbon (C), and sulfur (S). The products of black powder
combustion differ according to the composition of the
black powder. The stoichiometry of a typical black powder
preparation containing KNO３ (77 mole %), charcoal (17
mole %), and sulfur (6 mole %) can be represented by the
following equation14）:
4KNO３(s) + 7C(s) + S(s) → 3CO２ + 3CO + 2N２ + K２CO３(s)
+ K２S(s).
(R1)
Another stoichiometry is also possible:
4KNO３(s) + 5C(s) → 3CO２ + 2N２ + K２CO３(s),
(R2)
2KNO３(s) + 3C(s) + S(s) → 3CO２ + N２ + K２S(s),
(R3)
10KNO３(s) + 8C(s) + 3S(s) → 6CO２ + 5N２ + 2K２CO３(s)
+ 3K２SO４(s).
(R4)
Here, (s) indicates that the species is in the solid state.
Solid-state products of K２CO３(s), K２S(s), and K２SO４(s) can
be the source of the particles produced by black powder
combustion. The actual processes of particulate
production are extremely complex14）,15）. Multi-phase
chemical reactions as well as a range of physical and
chemical processes including vaporization, sublimation,
coagulation, aggregation, and sintering are involved. As a
starting point for discussion, chemical equilibrium
calculations were performed with a program developed by
Gordon and McBride (CEA400)16）. Figure 1 depicts an
example of the equilibrium calculations. Constant pressure
($ = 1 bar) and adiabatic conditions are assumed (HP =
constant).
The mass fraction of KNO３ is fixed at '(KNO３) = 0.75
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#wt%). The typical black powder
high sulfur content ("%
recipe of KNO３/C/S = 75/15/10 wt% gives the main
products of CO２, CO, N２, and K２S(l). Here (l) indicates liquid
products.
These liquid products will yield solid residuals after
they are cooled down by mixing with the ambient air.
These combustion products in the condensed phase are
likely one source of particulate matter (PM). However,
particulate generation from the liquid phase is slow since
it involves the breakup of liquid droplets and cooling by
mixing with ambient air. In addition, the size of particles
#'). On the
produced by this path will be rather large ("$
other hand, smoke particles are produced in a very short
period and at sizes of the order of the wavelength of
visible light (!$#'). Such small particles may be
produced by nucleation of gas-phase molecules. The nuclei
so formed will grow very quickly into the small PM in
smoke. A schematic of particle formation in black powder
combustion is depicted in Figure 2.
Ignition of black powder starts with the melting of
ingredients14）. Exothermic reactions in the liquid will
produce K２CO３(l), K２S(l), and K２SO４(l). Some part of these
liquid products may form droplets and these droplets will
break up into smaller droplets. However, nanoparticles
cannot be formed by these breakup processes. Too many
breakup steps are required to reach nanometer-size
particles. Some other portion of the liquid products is
cooled down to form solid residuals. The melting liquid
also emits volatile gas-phase molecules, and gas-phase
reactions will produce K２CO３ and K２SO４ gas molecules.
For example, K２CO３ can form by the following gas-phase
reactions17）:

[ ]

wt% and the mass fraction of sulfur is varied from "(S) =
2.5 to 22.5 wt%. (Accordingly, the mass fraction of carbon
!"wt%.) The adiabatic flame
is given by "(C) = 25"!
temperature increases from 1259 K ("(S) = 2.5 wt%) to
1955 K ("(S) = 22.5 wt%). This is because some of the
sulfur acts as an oxidizer to yield liquid or solid K２S15）. The
composition of combustion products largely depends on
the mass fraction of sulfur. With low sulfur content (!&
wt%), the main products are CO, N２, K２CO３(l), and K２S(l),
while SO２, N２, K, and K２SO４(l) are the main products with a

[

]

4

2

2

2

3

f

2
2

K２O + CO２ → K２CO３,
2KOH + CO２ → K２CO３ + H２O.

[

K２CO３ molecule was actually detected by mass
spectrometry in the gas phase18）.
Note that the color of smoke generated by black powder
combustion is white and practitioners generally believe15）
that this smoke is composed of particles of K２CO３, K２SO４
and K２S. Nanometer-size particles can be produced by
nucleation from gas-phase K２CO３ and K２SO４ molecules.
However, to the best of our knowledge, evidence for the

]

Figure１ Equilibrium temperature (A) and compositions (B)
of black powder combustion at constant pressure (p
=1bar) and adiabatic condition as a function of mass
fraction of sulfur, "(S). Mass fraction of KNO３ is
fixed to "(KNO３) =75 wt%.
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Figure２ Schematic diagram for particle formation in black powder combustion.
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3.2 Prediction of smoke generation based on
classical nucleation theory

[ ]

#*-, is essential
The vapor-supersaturation ratio, '$#"
to determine the critical radius and nucleation rate with
CNT, as discussed in Section 2.1. To evaluate ', the
equilibrium vapor pressures are required. The vapor
pressure, #*-, can be calculated from the difference in
chemical potential energy between the gas phase, ## (g),
and condensed phase, ## (l) or ## (s), as described in a
standard physical chemistry textbook19）:
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$ is the universal gas constant. For the pure component,
chemical potential energy is equal to standard molar Gibbs
energy, !#$"#!&%#. Standard enthalpy "# and
entropy %# are expressed as a function of temperature
with the following empirical equations in a NASA-CEA
program package16）:

]

Figure３ Partial
equilibrium
temperature
(A)
and
compositions (B) of black powder combustion at
constant pressure (p=1bar) and adiabatic condition
as a function of mass fraction of sulfur, ' (S). Mass
fraction of KNO３ is fixed to ' (KNO３) = 75 wt%.
Chemical species in condensed phase are excluded
in this calculation.

existence of gas-phase K２S molecules has not been
reported in the literature. Future study is required to
understand the chemical kinetic processes for K２S nanosize clusters in smoke if they exist.
To predict the particle size (the critical radius for
particle growth) and production rate, we must estimate
the concentrations of gas-phase K２CO３ and K２SO４. Partialequilibrium calculations accomplish this estimation,
wherein the Gibbs free energy is minimized while
neglecting all condensed chemical species. The results of
these partial-equilibrium calculations are depicted in
Figure 3. The black powder recipe is the same as that in
Figure 1. The partial-equilibrium temperatures are
considerably lower than full-equilibrium temperatures.
The lack of condensed-phase species results in this lower
temperature since the formation of condensed-phase
species is a highly exothermic process. The major species
at partial equilibrium is K２CO３ in sulfur-lean conditions and
K２SO４ in sulfur-rich conditions. Those gas-phase K２CO３
and K２SO４ molecules are converted into particles by
nucleation.
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$ and )
% for K２CO３ and K２SO４ in
The coefficients ($'(*, )
gas, liquid and solid phases are all given in a data base16）.
The resulting vapor pressures are depicted in Figure 4.
Vapor pressure for K２CO３ in bars can be expressed as:
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The volume &$ and surface area .
the condensed phase can be calculated from the density.
The temperature-dependent density of liquid K２CO３ is
given in Reference 20) as:
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No data is found for the liquid density of K２SO４. Density of
solid K２SO４=2.66 g cm−３ is given in Reference 21), so the
liquid density was approximated as:
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&, is the melting point ($$
The values for surface tension %are taken form Reference
20）
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Using these values of vapor pressure, density and surface
tension, it is possible to evaluate the critical radius and
rate of nucleation if the partial pressures of K２CO３ and
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Figure４ Vapor pressures of K２CO３ K２SO４ and KCl. Dotted
lines: solid, solid lines: liquid.
(Melting point: 1173 K for K２CO３, 1342 K for K２SO４,
and 1044 K for KCl)

3.3 Prediction of smoke generation based on
Smoluchowski equation
Although CNT can predict the critical radius of
nucleation, it cannot evaluate the actual size of smoke
particles. Once a critical nucleus is formed, the growth of

2

4

]

3

[

K２SO４ are given. The supersaturation ratio, $, for K２CO３
and K２SO４ is evaluated at constant pressure (1 bar), under
adiabatic conditions and the partial pressures given in
Figure 3. The resulting critical radii and rates of
nucleation are depicted in Figure 5.
""
"'wt% is
The critical radius of K２CO３ nuclei at $!
less than 0.2 nm. The molecular radius of K２CO３ is
estimated to be 0.25 nm by quantum-chemical calculations
at the B3LYP/CBSB7 level of theory using Gaussin-09
%
'nm is
!
program package. Therefore, the value of '!"#
unrealistic. This indicates the limitation of the capillary
approximation in CNT７）. For very small nuclei, the
definition of surface tension in this model is very
questionable and Equations (1) and (2) in the CNT are no
longer valid. Such a small value of the critical radius is
caused by an extremely large supersaturation ratio, $. As
illustrated in Figure 3, the partial-equilibrium temperature
*"
"'wt% is lower than the melting point of K２CO３
at $!
$
(
&)). As a result, the vapor pressure is very low
(#& "$
and the value of $is very large. A very small value of '!
indicates a very rapid nucleation rate, as depicted in
Figure 5 (B). However, the '! value rapidly increases at
*"
$!
>17 wt% and the corresponding nucleation rate, !
,
sharply decreases. This trend predicts that smoke
particles composed of K２CO３ cannot be produced with a
sulfur content higher than 17 wt%.
On the other hand, the nucleation of K２SO４ exhibits the
opposite trend. The critical radius is almost constant if
*"
#wt%, and it gradually increases at $!
*"
#
$!
#$
"$
wt%. This gradual increase in '! is due to the very low
partial pressure of K２SO４ indicated in Figure 3. At the
same time, the nucleation rate sharply decreases. This
trend predicts that smoke particles composed of K２SO４
cannot be produced with sulfur content lower than 12
wt %.

2

]

[

]

Figure５ Critical radius (A) and rate of nucleation, !
, (B) for
K２CO３ and K２SO４ in black powder combustion.
Conditions are the same as in Figure 3.

the critical nucleus is spontaneous because the free energy
decreases with increasing 'if '#'!. CNT can evaluate the
value of '!, but the nuclei formed at this threshold will
grow as a function of time. To predict the actual size of the
smoke particles, the kinetic equation for particle growth,
i.e., the Smoluchowski equation in Equation (11), must be
solved.
Within the simplified combustion model of black powder
considered in this study, the initial conditions
(temperature, pressure, and concentrations of precursor
chemical species) in Equation (11) are given by the partialequilibrium calculations described in Section 3.1. The
precursor chemical species are the same as those
identified by CNT, i.e., K２CO３ and K２SO４. Nucleation is the
process of forming new condensed-phase particles from
precursor gas-phase molecules. Particle inception is
modeled as a nucleation reaction. This reaction is
irreversible and all reactants must be gas-phase species. In
this study, we assumed that the following nucleation
reactions form K２CO３ and K２SO４ particles.
K２CO３+ K２CO３ ⇒ 2K２CO３(B),
K２SO４+ K２SO４ ⇒ 2K２SO４(B).

(R7)
(R8)

K２CO３(B) and K２SO４(B) indicate bulk-phase (condensedphase) particles composed of K２CO３ and K２SO４,
respectively. Note that the minimum particle size in
Equation (11) is %"%for these particle-inception reactions.
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The sectional method was employed to solve Equation (11)
with (#$ in Equation (14). The maximum number of
sections is 40. For the aggregation model, no data is
available for potassium-salt particles. Typical values for
#nm and !&#$
*are used
!
inorganic particles of !/.0.1#&
as reasonable approximations in Equation (15).
Assuming that particle inception immediately begins
after partial equilibrium is achieved, the time evolution of
particle growth is calculated. A typical example of the
calculation for K２CO３ particle growth is depicted in Figure
6. In this example, the black powder recipe is C/S/KNO３ =
15/10/75 wt% and the partial-equilibrium temperature of
adiabatic, constant pressure (1 bar) combustion is
$
+
$
,. As depicted in Figure 6, particle inception is
$#$
very rapid and the number density reaches a maximum
within 10 ms and then rapidly decreases (Figure 6(A)). The
#ms and
average particle diameter is about 164 nm at )#$
increases to 433 nm at )#$s. Note that the volume
'
&"$
#!' (Figure 6(C)). We,
!
fraction is nearly constant at $
therefore, predict that black powder of this composition
will produce a very large amount of K２CO３ smoke
particles.
Figure 7 depicts the average diameter and volume
fraction of K２CO３ and K２SO４ particles as a function of %(S)
with a fixed value of %(KNO３) = 75 wt% at reaction time
)#$s. K２CO３ particles are the main components of smoke
-"
'wt%, and have an average diameter of ~400
"$
at %!
-"
'
#$
nm, whereas K２SO４ particles are dominant at %!
wt% and have an average diameter of 400~500 nm, as
depicted in Figure 7(A). Although the main component of
the smoke changes from K２CO３ to K２SO４ according to the
mass fraction of sulfur, the total volume fraction (sum of
the volume fractions of K２CO３ and K２SO４ ) is greater than
$"$
#!', as depicted in Figure 7(B). We conclude that a
very large amount of smoke composed of K２CO３ or K２SO４
will be produced from black powder combustion. The
predictions in Figure 7 are qualitatively equivalent to the
CNT predictions illustrated in Figure 5.
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4. Effects of addition of ammonium
perchlorate (NH4ClO4, AP) to the black
powder

Figure６ Time history of number density (A), average
particle diameter (B), volume fraction (C) and
particle-size distribution (D) of K２CO３ particles
formed in black powder combustion obtained by
solving Smoluchowski equation. Composition of
black powder: C/S/KNO3=15/10/75 wt%, P = 1 bar
and partial equilibrium temperature is $ = 1181 K.

The above arguments predict that the smoke from
black powder combustion is composed of potassium salts
and that a very large amount of smoke should be
produced. In this section, a strategy for reducing the
smoke particles will be discussed. Since the smoke
particles are composed of potassium salts, reducing the
potassium in the black powder recipe should reduce the
number of smoke particles. Potassium in black powder
comes from the oxidizer, KNO３. Therefore, the
replacement of KNO３ with another oxidizer that does not
include potassium, such as NH４NO３ (ammonium nitrate,
AN) or NH４ClO４, AP, should reduce the amount of smoke

produced. We consider the addition of AP to black powder.
Addition of AP will result in a higher adiabatic
temperature for the combustion process. CNT predicts
that this increased combustion temperature will result in
the reduction of smoke, because of the higher vapor
pressure of precursor molecules for smoke-particle
formation. This increased vapor pressure reduces the
supersaturation ratio, $, and thereby increases the critical
radius (see Equation(2)).
The complete chemical equilibrium composition and
adiabatic temperatures at "#$ bar are illustrated in
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Figure７ Average diameter (A) and volume fraction (B) of
K２CO３ and K２SO4 smoke particle at t=1sec after the
partial
equilibrium
obtained
by
solving
Smoluchowski equation as a function of !(S).
Conditions are same as in Figure 3.
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Figure８ Equilibrium temperature (A) and compositions (B)
of black powder combustion at constant pressure (p
=1bar) and adiabatic condition as a function of mass
fraction of AP. Composition of black powder: C/S/
KNO３/AP=15/10/75-X/X wt%.
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Figure９ Partial
equilibrium
temperature
(A)
and
compositions (B) of black powder combustion at
constant pressure (p=1bar) and adiabatic condition
as a function of mass fraction of AP. Composition of
black powder: C/S/KNO３/AP=15/10/75-X/X wt%.
Chemical species in condensed phase are excluded
in this calculation.

Figure 8 for the black powder recipe C/S/KNO３/AP = 15/
10/75-X/X wt%.
Adiabatic temperature slightly decreases with a small
AP addition (less than 5 wt%) and increases with
increasing amounts of added AP. Especially, the
temperature increase is very large with an AP addition of
30―40 wt%. The main solid products are K２S (l), K２CO３(l),
and K２SO４(l). Note that the fractions of K２CO３(l) and
K２SO４(l) are greatly reduced by the addition of AP, but the
fraction of another potassium salt in the gas phase, KCl,
increases for additions up to 40 AP wt%.
To determine the initial conditions for smoke generation
of black powder with added AP, partial-equilibrium
calculations without condensed chemical species were
performed. The results are depicted in Figure 9. The
partial-equilibrium temperature considerably increases
with the addition of AP. With the composition of 15 wt% C
and 10 wt% S, the mass fraction of K２SO４ is quite low. The
mass fraction of K２CO３ rapidly decreases with increasing
additions of AP. However, the fraction of another
potassium salt, KCl, increases with additions of AP up to
40 wt%. This indicates that KCl smoke particles may be
formed when AP is added.
To estimate the formation of KCl particles with CNT
and the Smoluchowski equation, data on vapor pressure,
surface tension, and density of condensed phase are
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Figure１０ Critical radius and rate of nucleation, !
, for K２CO３
and K２SO４ in black powder combustion as a function
of added AP wt% (X). Composition of black powder:
C/S/KNO３/AP=15/10/75-X/X wt%.

required. The vapor pressure of KCl is calculated based on
thermochemical data given in the CEA database16）, and is
depicted in Figure 4. Note that the vapor pressure of KCl
is much higher than that of K２CO３ or K２SO４. The vapor
pressure for KCl in bars can be expressed as:
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The melting point is 1044 K. The density of KCl is given in
Reference 20）as:
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The surface tension of KCl is taken from Reference 21）:
.-/
"
*
*
)
$!#
#
*
(
$
,#. [mN m−１]
&!
!
!
$$
Because of the very high vapor pressure of KCl, the
value of 'is greater than 1 at the region of X (wt% of AP)
#wt%, the critical radius of KCl is
> 20 wt%. Even at X "%
too large for nucleation to occur (on the order of 0.1 mm).
As a result, CNT does not predict the formation of KCl
particles; rather K２CO３ and K２SO４ particles would be
produced. These results are depicted in Figure 10.
The critical radii of K２CO３ and K２SO４ particles are less
(wt% and rapidly increase after X
than 0.4 nm at X "$
(wt%. The nucleation rates of K２CO３ and K２SO４ also
$$
(wt%. These results indicate
rapidly decrease after X $$
that the addition of AP to a standard black powder recipe
will greatly suppress the generation of smoke particles.
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Figure１１ Average diameter (A) and volume fraction (B) of
smoke particles at t=1sec after the partial
equilibrium obtained by solving Smoluchowski
equation as a function of added AP wt% (X).
Composition of black powder: C/S/KNO３/AP=15/10
/75-X/X wt%.

The effect of AP addition is predicted to be remarkable if
(wt%.
X $$
Contrary to CNT, solution of the Smoluchowski
equation predicts the production of KCl particles, if we can
define the particle-inception reactions for KCl. Partialequilibrium calculations indicate that the mass fraction of
KCl increases with an increasing X, as depicted in Figure
9. In the case of K２CO３ and K２SO４, we assumed that the
minimum size of the particle is %$%. However, in the case
of KCl, partial-equilibrium calculations demonstrate the
existence of a dimer of KCl, K２Cl２, as a gas-phase chemical
species, although its concentration is quite low. Because of
this, we assume the following KCl particle-inception
reactions:
KCl + KCl + M = K２Cl２ + M,
K２Cl２ + K２Cl２⇒ 4 KCl(B).

(R9)
(R10)

Reaction (R9) is the recombination reaction of KCl in the
gas phase and M is a third body. The particle-inception
reaction is reaction (R10), that indicates the minimum size
of KCl particles is %$'. Since there is no available data
about the rate coefficients for (R9) and (R10), the rate
coefficient of Cl recombination is assumed for reaction (R9)
and the following collision rate is assumed for reaction (R
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The average diameters and volume fractions of K２CO３,
K２SO４, and KCl as predicted by solutions of the
Smoluchowski equation are depicted in Figure 11 for the
black powder recipe C/S/KNO３/AP = 15/10/75-X/X wt%.
The values are plotted as a function of X.
%wt% is K２CO３
The main component of smoke at X ""
%wt%,
particles, while it changes to KCl particles at X #"
and the average diameter of smoke particles decreases
from 440 nm at X = 0 to 160 nm at X = 30 wt%, as depicted
in Figure 11(A). The total volume fraction decreases by
two orders of magnitude with the addition of 30 wt% AP,
as illustrated in Figure 11(B). These results suggest that
the addition of AP to a standard black powder recipe can
greatly reduce the generation of smoke particles.

5. Concluding remarks
This study develops a novel model to predict smoke
formation in black powder combustion. CNT predicted
that standard black powder with 75 wt% of KNO３
produces smoke particles very quickly, as the time
constant of nucleation is less than 1 $s. The composition of
the smoke particles depends on the mass fraction of sulfur
in the black powder. K２CO３ is the main component of the
smoke from a sulfur-lean mix, and K２SO４ is dominant in
the smoke from sulfur-rich black powder. The time
variations of particle-size distribution, average diameter,
and volume fraction of smoke particles are also estimated
by solving the Smoluchowski equation. 400-nm-diameter
smoke particles at a volume fraction of 10−４ are predicted
to be produced by the combustion of standard black
powder.
We also use CNT and the Smoluchowski equation to
predict the effects of adding AP to the black powder. CNT
predicted that critical radii of K２CO３ and K２SO４ particles
can be considerably increased by the addition of AP.
Although CNT predicted that no KCl particles will be
formed, the Smoluchowski equation indicates that KCl
particles will be produced with a large addition of AP.
Solutions of the Smoluchowski equation indicate that the
average particle diameter and the volume fraction of
smoke decrease when increasing the amount of added AP.
Thus, adding AP to standard black powder may be very
effective to reduce smoke formation. It is highly desirable
this prediction is validated by the experiments in future.
Data on the composition of smoke particles is especially
interesting.
In the present model, many assumptions were used
because of the lack of experimental data on the properties
of the smoke formed in black powder combustion.
Therefore, results obtained in the present study are not
expected to be quantitative. Clearly experimental data is
required to validate present results. Especially, data on the
composition of smoke particle is highly desirable.
Several other problems remain with the present model
of smoke formation. They are listed below.
(1) The nucleation of K２S is not included in the present

model. This is because of a lack of available data about K２S
particle formation. As depicted in Figure 1, a large amount
of liquid K２S is produced at complete equilibrium.
Therefore, smoke particles must include K２S nuclei.
However, no evidence of the existence of gas-phase K２S is
available and therefore, K２S nuclei cannot be formed by
nucleation from K２S gas molecules. Nucleation of K２S may
proceed via some other chemical reactions, which should
be studied in the future.
(2) In this study, the partial pressures of precursor
molecules are estimated with partial-equilibrium
calculations. This estimation gives the maximum partial
pressure of the precursor since many liquid-phase
reactions of the same species might simultaneously
proceed. For more-precise predictions, detailed models of
the liquid-phase reactions are needed in addition to our
model of gas-phase reactions.
(3) The critical radius of potassium salt particles is
comparable to the radius of a single molecule. This
indicates the failure of the capillary approximation in
CNT７），22）. More sophisticated models, such as the kinetic
Monte Carlo method23）, may be useful for modeling smoke
formation in detail.
This study is the first step toward modeling smoke
formation in fireworks. Future studies will continue to
work toward controlling smoke generation in fireworks.
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